Abstract. We give a full description of the structure under inclusion of all finite level Borel classes of functions, and provide an elementary proof of the well-known fact that not every Borel function can be written as a countable union of Σ 0 α -measurable functions (for every fixed 1 ď α ă ω 1 ). Moreover, we present some results concerning those Borel functions which are ω-decomposable into continuous functions (also called countably continuous functions in the literature): such results should be viewed as a contribution towards the goal of generalizing a remarkable theorem of Jayne and Rogers to all finite levels, and in fact they allow us to prove some restricted forms of such generalizations. We also analyze finite level Borel functions in terms of composition of simpler functions, and we finally present an application to Banach space theory.
Introduction
The study of ω-decomposable Borel functions, i.e. Borel functions that can be written as countable unions of strictly simpler functions, was originated by an old question of Lusin asking whether every Borel function is ω-decomposable into continuous functions
1
. Such question was answered negatively in [Kel34, AN58] , and until now many other counterexamples have appeared in the literature further showing that in fact the "typical" (in a certain precise technical sense which will not be discussed here) real-valued Baire class 1 function is not ω-decomposable into continuous functions [CM88, JM92, vMP95, Dar96] . A particularly simple counterexample to Lusin's question, which was in principle available already in the Thirties, is the following. Example 1.1. Let f be any Borel isomorphism between the Hilbert cube r0, 1s ω (or any other Polish space of topological dimension 8) and the Baire space ω ω -such an f can be taken so that both f and f´1 are Baire class 1 functions by [Kur34, p. 212] . Then at least one of f, f´1 is not ω-decomposable into continuous functions. In fact, assume towards a contradiction that f " Ť nPω f n and f´1 " Ť nPω g n with all the f n 's and g n 's continuous partial functions. Setting X n,m " dompf n q X rangepg m q and Y m,n " dompg m q X rangepf n q, we get that r0, 1s
ω " Ť n,mPω X n,m , ω ω " Ť n,mPω Y m,n , and f aeX n,m is an homeomorphism between X n,m and Y m,n for every n, m P ω. Since all the Y m,n are zero-dimensional, this would imply that r0, 1s ω can be written as a countable union of zero-dimensional spaces, contradicting a classical result of Hurewicz on Polish spaces of topological dimension 8 (see e.g. [HW48, pp. 50-52]).
Lusin's question can be naturally generalized by replacing continuous functions with Σ 0 α -measurable functions (for some fixed 1 ď α ă ω 1 ), namely: Question 1.2 (Generalized Lusin's question). Let 1 ď α ă ω 1 . Is it true that every Borel function between two uncountable Polish spaces is ω-decomposable into Σ 0 α -measurable functions (i.e. it can be written as a countable union of Σ 0 α -measurable partial functions)?
According to [CM88] , also this question was answered negatively in [Kel34] for functions from ω ω to the unit interval I " r0, 1s, and in an unpublished preprint of Laczkovich for functions from any uncountable Polish space to I. Even stronger (in a technical sense) counterexamples were presented in [CM88, CMPS91] using the universal functions method.
Despite the fact that Question 1.2 has been answered negatively, for some natural classes of functions there are positive results asserting that certain (definable) decompositions into countably many continuous functions are always possible. Given 1 ď β ď α ă ω 1 , a function f : X Ñ Y will be called Σ α,β function if f´1pSq P Σ 0 α pXq for every S P Σ 0 β pY q. The following remarkable theorem was first proved by Jayne and Rogers in [JR82, Theorem 5] , but see also [MRS10, KMRS13] for a simpler proof and some minor strengthenings of it. Theorem 1.3 (Jayne-Rogers). Let X, Y be separable metrizable spaces with X analytic, 2 and let f : X Ñ Y . Then f is a Σ 2,2 function if and only if f can be written as a countable union of continuous functions with ∆ 0 2 pXq (equivalently, closed) domains.
In [And07] it was asked whether such result can be generalized to all finite levels, namely whether the following statement is true: Conjecture 1.4 (Weak generalization of the Jayne-Rogers theorem). Let X, Y be separable metrizable spaces with X analytic, and let 1 ă n ă ω. Then f : X Ñ Y is a Σ n,n function if and only if f can be written as a countable union of continuous functions with ∆ 0 n pXq (equivalently, Π 0 n´1 pXq) domains. Notice that the Jayne-Rogers theorem 1.3 cannot be extended to infinite levels because, as already observed, there are Baire class 1 functions (hence Σ ω,ω functions) which are not even ω-decomposable into continuous functions. Using gametheoretic techniques, Semmes proved in his Ph.D. thesis [Sem09] that Conjecture 1.4 is true for the level n " 3 when X " Y " ω ω. More precisely, he proved the following results:
2 The original Jayne-Rogers theorem holds also in the broader context of nonseparable metrizable spaces when X is assumed to be absolute Souslin-F (i.e. the counterpart of an analytic space in the realm of nonseparable spaces). However, for the sake of simplicity, here and in the subsequent weak and strong generalization of the Jayne-Rogers theorem (Conjectures 1.4 and 1.6) we will just consider the already relevant and well-studied case of separable metrizable spaces (see e.g. [Sol98] ). Note that setting n " m in Conjecture 1.6 we get Conjecture 1.4.
As a by-product of his representation of classes of functions as strategies in corresponding games, using diagonalization arguments Semmes also showed in [Sem09] that the diagram of inclusions of Figure 1 holds, where Σ m,n represents the class of all Σ m,n functions from ω ω to itself, arrows represent proper inclusions, and no inclusion relation holds between classes which are not connected by (composition of) arrows. It is then very natural to ask whether such diagram can be extended to include at least all the classes Σ m,n for 1 ď n ď m ă ω, and how such extension looks like. This paper contains a variety of results which deal with all the above mentioned problems, aiming to show that finite level Borel classes of functions (see Definition 3.2) constitute a rich and interesting subject to be further analyzed.
In Section 3 we extend the inclusion diagram of Figure 1 to all finite level Borel classes. Although game representations of virtually all the classes of functions involved are now available by [MR11] , the present proof does not use such representations at all: in fact, instead of using diagonalization arguments over the corresponding strategies (as done in [Sem09] ), we will directly define certain canonical functions which show that all obvious inclusions in the resulting diagram are in fact proper, and that no other inclusion relation holds (Theorem 3.13 and Figure 2 ).
The same ideas will then be used in Section 4 to provide a general way to construct further counterexamples to the generalized Lusin's question 1.2 (Corollary 4.11). The technique employed, which differs from the universal functions method used in [CM88, CMPS91] , is rather elementary, and allows to deal not only with real-valued functions 3 (as done in [Kel34, CM88, CMPS91] ), but also with functions between arbitrary uncountable analytic spaces. Our counterexamples are constructed in an explicit way as countable powers of suitable characteristic functions (see Corollary 3.11 and Corollary 4.11): in particular, we get that the obvious generalization of the Pawlikowski function (a somewhat canonical example of a Baire class 1 function which is not ω-decomposable into continuous functions) for the level n P ω is not ω-decomposable into Σ 0 n -measurable functions (Corollary 4.8).
In Section 5 we prove slightly varied forms of Conjecture 1.4 (see (:) of Theorem 5.3 and (;) of Theorem 5.10), or its restriction to some special classes of functions (Corollary 5.11). Theorem 5.10 also shows that the weak generalization of the Jayne-Rogers theorem is equivalent to a natural condition concerning the minimal complexity of the graph of functions appearing in the relevant Borel classes (Conjecture 5.12). This raises natural questions and open problems which are of independent interest, and surely deserve further investigation: some of them are collected in Question 5.13.
In Section 6 we introduce another natural condition (Conjecture 6.1) which is shown to be equivalent to the strong generalization of the Jayne-Rogers theorem (Theorem 6.4): such condition is related to certain minimal refinements of topology in the spirit of [Kec95, Theorem 13.1].
Section 7 characterizes the class Σ 3,2 in terms of composition of simpler functions (namely, of a function in Σ 2,1 and a function in Σ 2,2 ), and shows that if the strong generalization of the Jayne-Rogers theorem (that is, Conjecture 1.6) is true then analogous characterizations would hold for all finite level Borel classes.
Finally, Section 8 contains an application of the results from Section 5 to Banach space theory, more precisely to the isomorphism problem for Baire classes of functions.
Remark 1.7. We recently learned that a variant of Theorem 5.10 (together with some instances of its Corollary 5.11) has been independently obtained using essentially the same methods by M. Sabok and J. Pawlikowski in [PS12, Theorem 1.2 and Corollary 1.3].
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For example, the universal functions method cannot be used for classes of functions ranging into zero-dimensional Polish spaces: in fact it can be shown e.g. that for every 1 ď α ă ω 1 there is no universal function for the class of all Σ 0 α -measurable functions between an uncountable Polish space X and a zero-dimensional Polish space Y .
Preliminaries and notation
We will freely use the standard (descriptive) set theoretic notation and terminology -for all undefined notions and concepts we refer the reader to the standard monograph [Kec95] .
2.1. Ordinals. Greek letters α, β, γ (possibly with various decorations) will always denote countable ordinals, while the symbols`and¨will denote, respectively, the usual operations of ordinal addition and ordinal multiplication. Given any α, β, we let β´α be the unique γ such that α`γ " β if α ď β, and 0 otherwise. Notice that α`pβ´αq " maxtα, βu for all α, β.
Topological spaces.
A topological space is called Polish if it is separable and completely metrizable, and analytic if it is (homeomorphic to) an analytic subset of a Polish space. Typical examples of Polish spaces are the Baire space ω ω of all ω-sequences of natural numbers and the Cantor space ω 2 of all binary ω-sequences, both endowed with the countable product of the discrete topology on ω and 2, respectively. To simplify the presentation, given a metrizable space Y we will denote by r Y the completion of Y with respect to some compatible metric on it, and regard r Y as a topological space by endowing it with the metric topologythe choice of the actual metric used to define r Y will be irrelevant in all the results below (see e.g. Remark 5.5). Obviously, r Y is a Polish space whenever Y is separable metrizable.
In most of the results presented in this paper we will assume that the spaces under consideration are analytic or Polish: however, it is maybe worth noticing that some of them (especially the ones asserting the existence of functions with certain special properties) actually hold for a wider class of topological spaces -the interested reader can easily recover from the proofs the exact assumptions needed for each of them.
2.3. Borel sets and their stratification. Given a topological space pX, τ q and a set A Ď X, we denote by clpAq the closure of A in X. A set A Ď X is called Borel if it belongs to the minimal σ-algebra containing τ , the collection of all open sets of X. As explained in e.g. [Kec95, Section 11.B], the class of Borel subsets of a metrizable space X can be stratified into the cumulative hierarchy consisting of the classes Σ 0 α pX, τ q, Π 0 α pX, τ q, and ∆ 0 α pX, τ q (for 1 ď α ă ω 1 ). Such construction cannot be literally applied to nonmetrizable spaces X, because in this case there could be open subsets of X which are not F σ . To overcome this difficulty, for arbitrary topological spaces pX, τ q we redefine the class Σ 0 2 pX, τ q to be the collection of all sets of the form Ť nPω pU 0 n zU 1 n q with U i n P Σ 0 1 pX, τ q for every n P ω and i " 0, 1, and let the definitions of all other classes in the stratifications be unchanged (note that when X is metrizable, this definition is equivalent to the classical one by e.g. [Kec95, Proposition 22.1]). It is straightforward to check that with this minor modification one can always recover the usual structure under inclusion of the hierarchy and the classical closure properties of its levels.
Given a topological space pX, τ q and α ě 1, a set A Ď X is called proper Σ α pX, τ q-pieces is a sequence pX n q nPω such that Ť nPω X n " X, X n XX m " H whenever n ‰ m, and X n P ∆ 0 α pX, τ q for every n P ω (and similarly with ∆ 0 α pX, τ q replaced by Σ 0 α pX, τ q or Π 0 α pX, τ q). Note that every countable partition of X in Σ 0 α pX, τ q-pieces is automatically a countable partition of X in ∆ 0 α pX, τ q-pieces. Moreover, for α ě 2 every countable partition of X in ∆ 0 α`1 pX, τ q-pieces can be refined to a countable partition of X in Π 0 α pX, τ q-pieces (the same is true also for α " 1 if pX, τ q is second-countable and zero-dimensional). Given α ě 1 and two topological spaces pX,
. When the space X or its topology τ will be clear from the context, we shall omit any reference to them in all the notation and terminology introduced above.
2.4. Countable powers and the Pawlikowski function. Throughout the paper, every finite or infinite product of topological spaces (hence, in particular, every countable power ω X of a topological space X) will be always tacitly endowed with the product topology. Moreover, given x P X we denote by x the ω-sequence constantly equal to x, which is of course an element of ω X.
Definition 2.2. Let X, Y be topological spaces. The countable power f ω of the function f : X Ñ Y is defined by
It is not hard to check that f is continuous if and only if f ω is continuous; more generally, for every α ě 1 we get that f is Σ 0 α -measurable if and only if f ω is Σ 0 α -measurable 4 (see Section 3 for the relevant definitions). Fix a bijection x¨,¨y : ωˆω Ñ ω. For each n P ω, define the "projection"
Clearly, every projection is surjective, continuous and open. Moreover, every countable power f ω commutes with the projections, i.e. π Y n˝fω " f ω˝π X n for every f : X Ñ Y and every n P ω.
The Pawlikowski function P is the countable power P " f ω : ω pω`1q Ñ ω ω of the function f : ω`1 Ñ ω defined by f pnq " n`1 if n ‰ ω and f pωq " 0, where ω`1 is endowed with the order topology and ω with the discrete topology. By [Sol98, Theorem 4.1] (see Theorem 2.4 below), P is in a sense the canonical example of a Baire class 1 function which is not ω-decomposable into continuous functions.
We say that f is contained in g (f Ď g in symbols) if there are topological embeddings ϕ : X Ñ X 1 and ψ : f pXq Ñ Y 1 such that g˝ϕ " ψ˝f . Definition 2.5. For each 1 ď n ă ω, fix a proper Π 0 n p ω 2q set C n , and consider its characteristic function χ Cn : ω 2 Ñ 2 mapping x P ω 2 to 1 if and only if x P C n . The generalized Pawlikowski function P n : ω p ω 2q Ñ ω 2 is then defined as
In particular, since P n is the countable power of the characteristic function of a proper Π 0 n p ω 2q set, it is a Σ 0 n`1 -measurable (equivalently, a Baire class n) function (see Proposition 3.14). We will prove in Corollary 4.8 that the functions P n correctly generalize the Pawlikowski function P , in that they cannot be written as countable unions of Σ 0 n -measurable functions. It is maybe worth noting that when n ě 3 the functions P n are in a sense canonical, i.e. that they do not depend in an essential way on the choice of the set C n used to define them, as shown by the next proposition. Following [JR82, Definition 8], call a bijection f between two metrizable spaces X, Y first level Borel isomorphism if both f and f´1 map F σ sets to F σ sets. This is equivalent to requiring that both f and f´1 are ∆ Proposition 2.6. Let 3 ď n ă ω and C n , C 1 n be two proper Π 0 n p ω 2q sets. Set P n " pχ Cn q ω and P
To prove (a) it is clearly enough to construct the desired g 0 , as the embedding g 1 can be obtained in the same way by switching the role of C n and C 1 n . Since n ě 3 and
, by e.g. [Kec95, Exercise 26.11] we get that there is a topological embedding f :
is a topological embedding such that P n " P 3). Finally, P n " P 1 n˝f because P n " P 1 n˝g0 and P 1 n " P n˝g1 . Remark 2.7. Notice that Proposition 2.6 cannot be extended to the case n " 1 (while whether it can be extended to the case n " 2 is still an open problem). To see this, let C 1 " txu for some x P ω 2 and C be a proper Π 0 2 p ω 2q set containing at least two points. Set P 1 " pχ C q ω and P 1 1 " pχ C 1 q ω : we claim that there is no injective function f :
. To see this consider the sets C ω " tpx n q nPω P ω p ω 2q | @n px n P Cqu and C 1 ω " tpx n q nPω P ω p ω 2q | @n px n P C 1 qu. Then C ω has the cardinality of the continuum, while C 1 ω contains exactly one element, namely x. Let f :
which implies that f aeC ω is constantly equal to x. In particular, f cannot be injective.
2.5. Changes of topologies. Part of the results of this paper are heavily based on the possibility of enriching the topology of a space without loosing its main properties. In particular, the following minor variation of [Kec95, Theorem 22 .18], essentially due to Kuratowski, will be used repeatedly in the paper.
Lemma 2.8. Let pX, τ q be a metrizable space, α ą 1, and A " tA n | n P ωu Ď Σ 0 α pX, τ q. Then τ can be refined by a topology
and Z " pX, τ 1 q is still metrizable. If moreover pX, τ q is separable (respectively, analytic, or Polish), then the topology τ 1 above can be chosen so that Z is zerodimensional and separable (respectively, analytic, or Polish).
Remark 2.9. Assuming the Axiom of Choice, the fact that A is countable is a necessary condition in Lemma 2.8, even in the case of a Polish space X. To see this, set e.g. X " ω ω. Assume first that the Continuum Hypothesis CH holds, and let A " ttxu | x P ω ωu, so that A has cardinality
α p ω ωq for every α ą 1. However, the unique topology τ 1 on ω ω such that A Ď τ 1 is the discrete topology, so that τ 1 Ę Σ 0 α p ω ωq for every α ą 1. Assume now that CH fails, and let A Ď ω ω be any set of cardinality ℵ 1 . Let A " ttxu | x P Au, so that
because every Borel subset of ω ω is either countable or has cardinality 2 ℵ0 ą ℵ 1 by e.g. [Kec95, Theorem 13.6], and hence A cannot be Borel.
The structure of finite level Borel classes
The notion of continuous function can be generalized in two natural ways. Given α ě 1, a function f : X Ñ Y between the topological spaces X, Y is called:
(a) Σ In both cases, taking α " 1 we get the class of continuous functions, and letting α vary on the nonzero countable ordinals we get two interesting and natural stratifications of the class of all Borel functions which are intimately related (see [MR09b] ). In fact, although they give a probably less known stratification of the Borel functions (compared to the classical notions of Σ 0 α -measurable or Baire class α functions), the classes of ∆ 0 α -functions are quite useful: for example, being closed under composition, they provide more natural reducibilities between subsets of Polish spaces [MR09a] , and they sometimes allow to transfer topological results from one space to another -see e.g. [MRSS13, Corollaries 4.25 and 4.26]. In Section 8 we will also present an application to Banach spaces whose proof involves these classes of functions.
The following definition further generalizes both (a) and (b).
Definition 3.1. Let X, Y be topological spaces. For 1 ď β ď α we let Σ α,β pX, Y q be the collection of all Σ α,β functions from X to Y , i.e. of those f :
To simplify the notation, we put Σ α pX, Y q " ω X Ñ ω Y is a finite level Borel function. We will now list some basic properties of the classes Σ α,β pX, Y q which will be tacitly used throughout the paper, leaving to the reader as an easy exercise to check their validity. Let X, Y be topological spaces and 1 ď β ď α. Obviously, if
where α¨ω is the first additively closed ordinal above α, and the index α¨ω cannot be lowered (see Corollary 3.12). Finally, we have the following simple property, which will be repeatedly used in the results below.
Fact 3.3. Let X, Y be arbitrary topological spaces, and let 1 ď β ď α. If pX n q nPω is a partition of X into ∆ 0 α pXq-pieces and f n P Σ α,β pX n , Y q for each n P ω, then f " Ť nPω f n P Σ α,β pX, Y q. The following lemma gives a sufficient condition for inclusion between the classes of functions introduced in Definition 3.1. 
Proof. If β 1 ď β the result is obvious (see the properties listed above), so we can assume β ă β 1 . This implies α ă α 1 because 0 ă β 1´β ď α
1´α
. Since β`pβ 1´β q " β 1 (by β ă β 1 ) and α`pβ 1´β q ď α`pα 1´α q " α 1 (by our hypotheses), we have
The next lemma shows that the condition α ď α 1 in the previous statement is necessary.
Lemma 3.5. Let X be an uncountable analytic space and Y be a nontrivial topological space. For every 1 ď β ď α,
Hence, in particular,
Then fix y 0 P U and y 1 P Y zU , and set f pxq " y 0 if x P A and f pxq " y 1
, and since f´1pU q " A and
Currently, we do not know if the condition β 1´β ď α 1´α of Lemma 3.4 is necessary too, but since if 1 ď α ď α 1 ă ω then β 1´β ď α 1´α ðñ α´β ď α 1´β1 , Theorem 3.13(b) will show that this is the case for all finite levels. To prove this, we first need to consider some preliminary results. First of all, arguing as in [MR10, Lemma 6.5], it is easy to prove the following result.
Lemma 3.6. Let X be a topological space, α ě 1, and for each n P ω, let
If moreover there is an increasing sequence pα n q nPω of ordinals smaller than α and cofinal in it such that each A n is Π
Definition 3.7. Let X, Y be topological spaces and 1 ď β ď α. A function f : X Ñ Y is a proper Σ α,β function if f P Σ α,β pX, Y q and there is S P Σ 0 β pY q such that f´1pSq is a proper Σ 0 α pXq set. For ease of notation, when β " 1 in the definition above we simply say that f is a proper Σ α function.
It is easy to check that properness is preserved Ď-upwards inside each Σ α,β :
If f is a proper Σ α,β function and f Ď g, then g is a proper Σ α,β function as well.
The next lemma is essentially a generalized version of [MR10, Proposition 6.6].
Lemma 3.9. Let X be a Polish space and Y be an arbitrary topological space. Let also α ą 1 and f : X Ñ Y be such that f P Σ α pX, Y qzΣ ăα pX, Y q. Then f ω :
ω X Ñ ω Y is a proper Σ α`γ,1`γ function for every γ ă ω 1 . The same conclusion holds with α " 1 whenever f : X Ñ Y is a non constant continuous function.
Notice that in fact f P Σ α pX, Y qzΣ ăα pX, Y q is a strictly weaker condition than that of f being a proper Σ α function: for example, if α " β`1 then the characteristic function of a proper Π 0 β pXq set is in Σ α pX, 2qzΣ ăα pX, 2q but is not Σ α proper.
Proof. Consider first the case α ą 1, and argue by induction on γ ă ω 1 . Assume
Notice that each open set U Ď ω Y is generated by sets of the form U k,V using only finite intersections and countable unions (independently of whether Y is second-countable or not): therefore it is enough to check that
Now fix an increasing sequence pα n q nPω of ordinals smaller than α and cofinal in it (if α " β`1 we can e.g. take α n " β for every n P ω). By our hypothesis on f and Fact 2.1, there are open U n Ď Y such that f´1pU n q is Π 0 αn pXq-hard for every n P ω: arguing as in [MR10, Lemma 6.5], it is then immediate to check that V " tpy n q nPω P ω Y | Dn py n P U n qu is an open set and that f´1 ω pV q " tpx n q nPω P ω X | Dn px n P f´1pU n qqu is a Σ
Let pγ n q nPω be an increasing sequence of ordinals smaller than γ and cofinal in it. By induction hypothesis, let A n P Σ 0 1`γn p ω Y q be such that f´1 ω pA n q is a proper
The case α " 1 can be treated in a similar way, using the fact that if f : X Ñ Y is continuous and non constant then there is an open U Ď Y such that f´1pU q is neither empty nor the entire X.
Since the characteristic functions χ Cn used in Definition 2.5 to construct the generalized Pawlikowski functions are clearly in Σ n`1 p ω 2, 2qzΣ n p ω 2, 2q, Lemma 3.9 yields to the following corollary.
Corollary 3.10. For every 1 ď n ă ω and every γ ă ω 1 , P n :
Corollary 3.11. Let X, Y be two uncountable analytic spaces, and let α ą 1. Then there is a function h : X Ñ Y such that h is a proper Σ α`γ,1`γ function for every γ ă ω 1 . The same conclusion holds also for α " 1 if either X is zero-dimensional or Y contains a homeomorphic copy of R.
Proof. If α ě 1, X " ω p ω 2q, and Y " ω 2, then by Lemma 3.9 it is enough to let h " pχ A q ω , where χ A is the characteristic function of some
Now assume that X, Y are arbitrary uncountable analytic spaces, let C X Ď X, C Y Ď Y be homeomorphic copies of ω 2, and fix α ě 1. Since ω p ω 2q and ω 2 are homeomorphic, by the previous paragraph there is h 1 : C X Ñ C Y which is a proper Σ α`γ,1`γ function for every γ ă ω 1 : therefore, by e.g. Lemma 3.8 it is enough to extend h 1 to some h P Σ α pX, Y q. If α ą 1, simply extend h 1 by an arbitrary constant function on XzC X (the resulting h is still a Σ α function because C X is closed in X). If instead α " 1, then h 1 is a continuous function defined on a closed subset of X. If X is zero-dimensional, then h 1 can be extended to a continuous In particular, setting α " m´n`1 and γ " n´1 in Corollary 3.11 we get that for every 1 ď n ď m ă ω there exists a proper Σ m,n function between any pair of uncountable analytic spaces X, Y . A much stronger result will be proved in Theorem 3.13(a). The next corollary shows that the smallest β for which
Corollary 3.12. Let X, Y be uncountable analytic spaces. For every α ą 1 there is a function h :
Proof. Let h be any function satisfying the conclusion of Corollary 3.11, so that
, it is clearly enough to show that h R D α¨n pX, Y q for every n P ω. Fix n P ω and let γ " α¨n: by Corollary 3.11, h is a proper Σ α`α¨n,1`α¨n function, and hence h R D α¨n since α ą 1 implies α`α¨n " α¨pn`1q ą 1`α¨n.
The next theorem, which is the main result of this section, completely determines the structure of finite level Borel classes under inclusion in the context of uncountable analytic spaces. In particular, it shows that all the finite level Borel classes Σ m,n pX, Y q are distinct, and that in fact in each of these classes there are genuinely new functions (i.e. Σ m,n pX, Y q is not covered by the collection of all finite level Borel classes which do not already contain it).
Theorem 3.13. Let X, Y be uncountable analytic spaces and 1 ď n ď m ă ω.
(
Notice that any f as in Theorem 3.13 (a) is necessarily a proper Σ m,n function, as otherwise we would have f P Σ m 1 ,n 1 pX, Y q for m 1 " m and n 1 " n`1 (contradicting the choice of f ).
Proof. First we show (a). If m " 1, then necessarily m " n " 1 and thus neither m 1 ă m nor m 1´n1 ă m´n can be realized by any 1 ď n 1 ď m 1 ă ω. Therefore in this case (a) amounts to show that Σ 1,1 pX, Y q, the class of continuous functions, is nonempty, which is trivially true. If m " n ą 1 and 1 ď n 1 ď m 1 ă ω, only the inequality m 1 ă m can be realized, so (a) holds by Lemma 3.5. Finally, assume m ą n ě 1. Let X 0 be an uncountable closed subset of X such that X 1 " XzX 0 is uncountable too. Apply Lemma 3.5 to get f 0 P Σ m,n pX 0
In particular, Theorem 3.13(b) allows us to extend the inclusion diagram of Figure 1 to all finite level Borel classes of functions defined between arbitrary uncountable analytic spaces. The picture one gets is shown in Figure 2 .
The use of countable powers of (finite level) Borel functions was a fundamental tool in proving Theorem 3.13, so it is quite natural to abstractly analyze this operation. Since we already noticed that continuous functions are closed under taking countable powers, a first question is to ask which other Borel classes are closed under such operation. Using the ideas involved in Lemmas 3.5 and 3.9, we get the following exhaustive answer.
Proposition 3.14. Let X be an uncountable analytic space and Y be a nontrivial topological space. Then for every 1 ď β ď α the following are equivalent:
Proof. The implication (c)ñ(a) is trivial, while (b)ñ(c) by the observation following Definition 2.2. To prove (a)ñ(b) it is enough to show that there is f P D α pX, Y q such that f ω is a proper Σ α function, because this implies that for every 1 ă β ď α,
open U Ď Y , and let f : X Ñ ty 0 , y 1 u Ď Y be defined by f pxq " y 0 ðñ x P A. Then f P D α pX, Y q (because the preimage of every subset of Y is in tH, X, A, XzAu Ď ∆ 0 α pXq). Moreover, arguing as in [MR10, Lemma 6.5] we get that V " tpy n q nPω P ω Y | Dn py n P U qu Ď ω Y is open and that f´1 ω pV q " tpx n q nPω P ω X | Dn px n P f´1pU qqu " tpx n q nPω P ω X | Dn px n P Aqu is a proper Σ 0 α pXq set, so that f ω is a proper Σ α function. We end this section by remarking that Corollary 3.11 gives also some partial results concerning infinite level Borel classes. For example, it implies that for all Σ 4,1 pX, Y q : : uncountable analytic spaces X, Y and every 1 ă β ď α, Σ α,β pX, Y q is properly included in Σ α pX, Y q: in fact, there is f P Σ α pX, Y q such that f´1pSq is a proper Σ 0 α`pβ´1q pXq set for some S P Σ 0 β pY q, whence f R Σ α,β pX, Y q. However, it seems that we are still far from a full comprehension of the entire structure of (all) Borel classes of functions under inclusion. For example, the methods developed in this paper do not answer the following sample question: 4. ω-decomposable functions Definition 4.1. Let X, Y be topological spaces and β ě 1. A function f : X Ñ Y is said ω-decomposable in Σ β functions if there is a countable partition pX n q nPω of X such that f aeX n P Σ β pX n , Y q for every n P ω.
The class of all functions from X to Y which are ω-decomposable in Σ β functions is denoted by decpβqpX, Y q, and for every collection of functions F pX, Y q from X to Y we denote by F decpβq pX, Y q the class F pX, Y q X decpβqpX, Y q.
When β " 1 in the previous definition, i.e. when f : X Ñ Y is ω-decomposable in Σ 1 (hence continuous) functions, we just say that f is ω-decomposable, and we write decpX, Y q and F dec pX, Y q instead of, respectively, decp1qpX, Y q and F decp1q pX, Y q. We also set decpă βqpX, Y q "
To simplify the presentation, we will say that a partition pX n q nPω as above witnesses f P D (
β pXq for every n P ω, and hence f P Σ β pX, Y q by Fact 3.3: this shows D Whether the reverse inclusion of Lemma 4.3(b) holds for 1 ď β ă α ă ω is the content of the strong generalization of the Jayne-Rogers theorem (Conjecture 1.6), while the weak generalization (Conjecture 1.4) corresponds to the case β " 1.
For the next proposition we will use the following well-known result (see e.g. [Kur66, Chapter III §35.VI, p. 434]).
Lemma 4.4 (Kuratowski). Let X be a metrizable space, Y be a Polish space, and α ě 1. For every A Ď X and f P Σ α pA, Y q there is a set A Ď A 1 Ď clpAq and a function f 1 P Σ α pA 1 , Y q such that A 1 P Π 0 α`1 pXq and f 1 extends f . When α " 1, the space Y may be assumed to be just completely metrizable.
Part (b) of Proposition 4.5 is implicit in [Kel34] , but we will fully reprove it here for the reader's convenience.
Proposition 4.5. Let X, Y be metrizable spaces with Y separable, α, β ě 1, and f P decpαqpX, Y q.
When α " 1, in all the results above the space Y may be assumed to be just metrizable.
Proof. Let pX n q nPω be a countable partition of X such that f aeX n P Σ α pX n , Y q Ď Σ α pX n , r Y q for every n P ω. Using Lemma 4.4, pick for every n P ω a Π 0 α`1 pXq set X n Ď A n Ď clpX n q and a function g n P Σ α pA n , r Y q extending f aeX n . Let B n " tx P A n | g n pxq " f pxqu: then X n Ď B n Ď A n and f aeB n P Σ α pB n , r Y q (because f aeB n " g n aeB n ), whence f aeB n P Σ α pB n , Y q because rangepf q Ď Y .
Assume first that graphpf q P Σ 0 β pXˆr Y q. Notice that B n " tx P X | x P A n^p x, g n pxqq P graphpf qu, and that the map A n Ñ Xˆr Y : x Þ Ñ px, g n pxqq is in Σ α pA n , Xˆr Y q. Therefore B n is the intersection of a Π 0 α`1 pXq set with a Σ α`pβ´1q pXq set, whence B n P Σ 0 γ pXq with γ " maxtα`2, α`pβ´1qu. Since X n Ď B n implies that the family pB n q nPω covers X, using standard arguments we can refine it to a countable partition pC k q kPω of X into ∆ 0 γ pXq-pieces, and using the fact that each C k is a subset of some B n it is straightforward to verify that such a partition witnesses f P D α γ pX, Y q. Assume now that f P Σ β pX, Y q. We may assume without loss of generality that β ą α (otherwise f P Σ α pX, Y q Ď D α γ for every γ ě 1), so that the map A n Ñ r Yˆr Y : x Þ Ñ pf pxq, g n pxqq is in Σ β pA n , r Yˆr Y q. Since the diagonal of r Y is closed, we get that each B n is the intersection of a Π 0 α`1 pXq set with a Π 0 β pXq set, whence B n P Π 0 β pXq Ď ∆ 0 β`1 pXq. Arguing as in the first part, the covering pB n q nPω of X may be refined to a partition pC k q kPω of X into ∆ 0 β`1 pXq-pieces which clearly witnesses f P D (a) For all α ě 1, if f P Σ α`1 pX, Y q is a proper Σ α`3,3 function, then f is not ω-decomposable in Σ α functions. (b) For all 1 ď m ă n ă ω, if f P Σ n pX, Y qzΣ n`1,n´m`2 pX, Y q, then f is not ω-decomposable in Σ m functions. Moreover, in (a) (respectively, (b)) when α " 1 (respectively, m " 1) we may assume Y to be just a metrizable space.
Proof. We first show (a). Assume towards a contradiction that f is ω-decomposable in Σ α functions. Then by f P Σ α`1 pX, Y q and Proposition 4.5(b) we get f P D α α`2 pX, Y q, whence f P Σ α`2,3 pX, Y q by Lemma 4.3(b): but this contradicts the assumption that f is a proper Σ α`3,3 function, and therefore f R decpαqpX, Y q.
Part (b) is similar. Assuming towards a contradiction that f P decpmqpX, Y q, from f P Σ n pX, Y q and Proposition 4.5(b) we get f P D m n`1 pX, Y q, whence f P Σ n`1,n´m`2 by Lemma 4.3(b): since this contradicts our assumption on f , we conclude that f R decpmqpX, Y q.
By Corollary 3.10, when α " 1 we can let the function f in Theorem 4.7(a) be the Pawlikowsi function P : in this way we get an alternative proof of the fact that P is not ω-decomposable. The original proof was based on the observation that if P aeA is continuous for some A Ď ω pω`1q, then P pAq is nowhere dense in ω ω ([CMPS91, Lemma 5.4]): since ω ω, being Polish, is Baire, this implies that P is not ω-decomposable. Notice that such argument actually proves the stronger result that P cannot be decomposed into less than covpMq-many continuous functions, where covpMq is the smallest cardinality of a family of meager sets covering ω ω. On the other hand, the argument based on Theorem 4.7(a) has the merit of further showing (when combined in the obvious way with Lemma 3.9) that every countable power of a Σ 0 2 -measurable discontinuous function is not ω-decomposable: using this and Solecki's dichotomy theorem 2.4 one gets as a byproduct that all such functions cannot be decomposed into less than covpMq-many continuous functions.
Theorem 4.7(a) and Corollary 3.10 also show that the generalized Pawlikowski functions P n (see Definition 2.5) have properties analogous to P . Corollary 4.8. Let 1 ď n ă ω. Then P n is a Baire class n (equivalently, Σ 0 n`1 -measurable) function which is not ω-decomposable in Σ n functions.
In contrast, we do not know if results similar to Theorem 2.4 hold for the generalized Pawlikowski functions as well.
Question 4.9. Let X, Y be separable metrizable spaces with X analytic, and fix 1 ă n ă ω. Is it true that for every Σ 0 n`1 -measurable function f : X Ñ Y , either f is ω-decomposable into Σ n functions, or else 5 P n Ď f ?
Consider now functions from a Polish space X into a separable metrizable space Y . By Lemma 3.9 and Theorem 4.7(b), by considering the smallest n ě 1 such that f P Σ n pX, Y q one easily obtains that every countable power of a discontinuous finite level Borel function f : X Ñ Y is not ω-decomposable and, similarly, every countable power of a non Σ 0 m -measurable finite level Borel function f : X Ñ Y is not ω-decomposable in Σ m functions. When X is uncountable, this observation and Proposition 3.14 imply that for finite level Borel countable powers f ω :
ω X Ñ ω Y , being ω-decomposable in Σ m functions already implies that the whole f ω is Σ 0 mmeasurable, and hence that the following curious result holds.
Corollary 4.10. Let X be an uncountable Polish space and Y be a separable metrizable space. Then for every f : X Ñ Y and 1 ď n ă ω, if f (or, equivalently, f ω ) is a finite level Borel function, then the following are equivalent:
(a) f ω is ω-decomposable in Σ 0 n -measurable functions;
5 By Proposition 2.6, the validity of this statement is independent of the choice of the set Cn used to define Pn (see Definition 2.5).
Finally, using Theorem 4.7(a) we can also provide further simple counterexamples (between arbitrary uncountable analytic spaces X, Y and for every α ě 1) to the generalized Lusin's question 1.2.
Corollary 4.11. Let X, Y be uncountable analytic spaces, and let α ą 1. Then Σ α pX, Y qzdecpă αqpX, Y q ‰ H, that is: there is a function f P Σ α pX, Y q which is not ω-decomposable in Σ β functions for any 1 ď β ă α.
Moreover, when α is additively closed such an f may be taken in D α pX, Y q, so that in this case we further get D α pX, Y qzdecpă αqpX, Y q ‰ H Proof. Let us first consider the case where α " δ`1 for some δ ě 1. By Corollary 3.11 there is some f P Σ α pX, Y q which is a proper Σ α`γ,1`γ function for every γ ă ω 1 . Setting γ " 2 and applying Theorem 4.7(a) with α replaced by δ, we get that f is not ω-decomposable in Σ δ functions and hence f R decpă αqpX, Y q.
Assume now that α is limit, let pα n q nPω be an increasing sequence of successor ordinals ă α cofinal in α, and let pX n q nPω be a partition of X into uncountable ∆ 0 2 pXq-pieces. For each n P ω, use the first part to find f n P Σ αn pX n , Y qzdecpă α n qpX n , Y q: then f " Ť nPω f n is as required. Finally, observe that when α is additively closed, any function f constructed as in the previous paragraph is in D α pX, Y q by Fact 3.3 and Σ αn pX n , Y q Ď D α pX n , Y q.
Let us conclude this section with a small observation concerning extension of the Jayne-Rogers theorem 1.3 to infinite levels. As noticed in [MR09a, p. 45], no "reasonable" generalization of the Jayne-Rogers theorem can hold at level ω -for example one cannot guarantee that all ∆ 0 ω -functions can be decomposed into countably many ∆ 0 n -functions (for 1 ď n ă ω). However, one could still speculate that e.g. every
, and similar conjectures can in principle be proposed for every α ě 1. Nevertheless, the last part of Corollary 4.11 shows that the set of levels at which such decomposition theorems can hold is actually very sparse: there is a closed unbounded C Ď ω 1 (namely the club of all additively closed countable ordinals) such that for every α P C, the class D α pX, Y q contains functions which are essentially indecomposable into countably many strictly simpler functions.
Generalizations of the Jayne-Rogers theorem to higher levels
We begin with a simple lemma which computes the complexity of the graph of certain ω-decomposable Borel functions; to prove it, we will use the following well-known result. 
In other words,
Proof. , requires the extra hypothesis that f be ω-decomposable; in contrast, we did not require any extra hypothesis on X and Y apart from metrizability (in particular, they can also be taken to be nonseparable). We will now restrict our attention to the special case of finite level Borel functions. Our first goal is to show that all functions in D ăω pX, Y q " Ť nPω D n pX, Y q are ω-decomposable (Lemma 5.8), and for this we first need to generalize Solecki's dichotomy theorem 2.4 to this wider class of functions. Recently, using an elegant (but rather involved) technique, Pawlikowski and Sabok have in fact extended Theorem 2.4 to all Borel functions from an analytic space X to a separable metrizable space Y [PS12, Theorem 1.1]: however, when restricting ourselves to finite level Borel functions, a much more elementary inductive proof can be given.
Lemma 5.6. Let X, Y be separable metrizable spaces with X analytic. For every finite level Borel function f : X Ñ Y , either f is ω-decomposable, or else P Ď f .
Proof. We may assume without loss of generality that f is discontinuous, so let 2 ď n ă ω be such that f P Σ n pX, Y q and argue by induction on n. The case n " 2 is the original Solecki's dichotomy theorem 2.4. For the inductive step, assume that f P Σ n`1 pX, Y q, let τ be the topology of X, and let tB k | k P ωu be a countable basis for the topology of Y . Let A " tA k,i | k, i P ωu Ď Σ 0 n pX, τ q be such that f´1pB k q " Ť iPω pXzA k,i q for every k P ω: by Lemma 2.8, there is topology τ Ď τ 1 Ď Σ 0 n pX, τ q such that Z " pX, τ 1 q is still analytic and A Ď τ 1 . Therefore f P Σ 2 pZ, Y q, and applying Theorem 2.4 we get that either P Ď f (when f is considered as a function from Z to Y ), or else f P decpZ, Y q. In the former case, since τ Ď τ 1 , ω pω`1q is compact, and X " pX, τ q is Hausdorff, one easily gets that P Ď f also when f is construed as a function from X to Y . In the latter case we instead get that f P Σ dec 2 pZ, Y q, so that f P D 1 3 pZ, Y q by Corollary 4.6, and
Let pX m q mPω witness this last fact: by the inductive hypothesis, for each m P ω either f aeX m P decpX m , Y q, or else P Ď f aeX m . If for all m P ω the first alternative holds, then f is ω-decomposable as well; if instead there is m P ω for which the second alternative holds, then P Ď f . Hence in both cases we are done.
Remark 5.7. Using Corollary 4.6, Lemma 5.6 can be sharpened as follows: If f : X Ñ Y is a finite level Borel function and 1 ď n ă ω is such that f P Σ n pX, Y q, then either
(In particular, Solecki's dichotomy theorem 2.4 may be reformulated as: if f P Σ 2 pX, Y q, then either f P D 1 3 pX, Y q or else P Ď f .) Moreover, using Corollary 3.10, Lemma 3.8, and Theorem 4.7(a) together with Corollary 5.9 below, one can check that condition (I) is equivalent to each of the following:
while condition (II) is equivalent to each of the following:
If n " 2, (II) is also equivalent to (IIc) f is a proper Σ 2`γ,1`γ function for every γ ă ω 1 .
Clearly, similar reformulations can be obtained also for the more general [PS12, Theorem 1.1].
Lemma 5.8. Let X, Y be separable metrizable spaces with X analytic. For every
Proof. Fix 1 ď n ă ω and let f P D n pX, Y q Ď Σ n pX, Y q. If f were not ω-decomposable, then P Ď f by Lemma 5.6: but this would imply P P D n p ω pω1 q, ω ωq, contradicting Corollary 3.10.
Using Corollary 4.6 and Lemma 5.8 we obtain:
Corollary 5.9. Let X, Y be separable metrizable spaces with X analytic.
only if f P D n pX, Y q for some n P ω.
The Jayne-Rogers theorem 1.3 can be seen as a characterization of the class D 1 2 pX, Y q (for appropriate X, Y ): in this respect, the following result may be considered as a (partial) generalization to all finite levels of that theorem.
Theorem 5.10. Let X, Y be separable metrizable spaces with X analytic. Let 1 ă n ă ω, and f : X Ñ Y be such that graphpf q P Σ 0 n pXˆr Y q. Then the following are equivalent:
Proof. For the first part, the case n " 2 follows from the Jayne-Rogers theorem 1.3, hence we can assume n ě 3. Then (a)ñ(b) by the assumption that graphpf q P Σ 
In particular, the conclusion holds for functions in Σ n´1 pX, Y q. 
ω ωq by Corollary 5.11. More generally, Corollary 5.11 implies that Conjecture 1.4 for the level 3 ď m ă ω would automatically follow by any "decomposition theorem" for a class of the form Σ m,n (1 ă n ă m) appearing in Conjecture 1.6 -see Question 5.13 and the discussion following it.
Lemma 5.2 and Theorem 5.10 together show that the weak generalization of the Jayne-Rogers theorem is equivalent to the following conjecture:
Conjecture
n pXˆr Y qu, Conjecture 5.12 is true for the case n " 2 by the JayneRogers theorem 1.3, and also for n " 3 in case X, Y are Polish spaces of topological dimension ‰ 8 by (the generalization of) Semmes' theorem 1.5(b).
These observations suggest the following general questions:
Question 5.13. Let X, Y be separable metrizable spaces with X analytic. Let α ą 1 and f P Σ α pX, Y q.
In particular, does f P Σ α,2 pX, Y q already imply graphpf q P Σ Proposition 5.14. Let X be an analytic metrizable space and Y be a σ-compact metrizable space. For every f P Σ 2 pX, Y q, the following are equivalent: The proof of Proposition 5.14 heavily relies on [JR82, Theorem 10], which is specific for functions in D 1 2 pX, Y q and apparently does not admit straightforward full generalizations to higher levels (see Remark 5.4): nevertheless, is we restrict our attention to ω-decomposable functions we can replace [JR82, Theorem 10] with Theorem 5.3 to get a partial answer to Question 5.13(c) also for α " 3, as shown in the next proposition. Notice also that such proposition further generalizes Semmes' theorem 1.5(a) (for the special case of functions in decpX, Y q) by adding to it two more equivalent conditions, namely the negations of (a) and (b).
Proposition 5.15. Let X be a Polish space of topological dimension ‰ 8, and Y be a separable metrizable space. If f P Σ 3 pX, Y q and f is ω-decomposable, then the following are equivalent: Proposition 5.16. Let X be an uncountable analytic space and Y be an infinite nondiscrete metrizable space. Then for every α ě 1 there is a proper Σ α function f : X Ñ Y which is ω-decomposable.
Proof. Let py n q nPω be a sequence of points in Y converging to some y P Y and let A Ď X be a proper Σ 0 α pXq set. Let A n P ∆ 0 α pXq be such that n ď m ñ A n Ď A m and A " Ť nPω A n , and set A´1 " H. Define f : X Ñ Y by setting f pxq " y n if x P A and n P ω is smallest such that x P A n , and f pxq " y otherwise.
We first show that f P Σ α pX, Y q. Let U Ď Y be open: setting I " ti P ω | y i P U u, it is straightforward to check that if y R U then f´1pU q " Ť iPI pA i zA i´1 q, while if y P U then f´1pU q " Xz Ť iRI pA i zA i´1 q. Since ωzI is finite whenever y P U , in both cases we get f´1pU q P Σ 0 α pXq. To see that f is in fact a proper Σ α function, notice that f´1pY ztyuq " A. Finally, f is trivially ω-decomposable because it has a countable range.
This also suggests the following general question. In this section we will show that the following statement is equivalent to the strong generalization of the Jayne-Rogers theorem (Conjecture 1.6).
Conjecture 6.1. For every analytic space X, every separable metrizable space Y , every 1 ă n ă m ă ω, and every f P Σ m,n pX, Y q, the topology τ of X can be refined by a topology τ 1 Ď Σ 0 2 pX, τ q such that Z " pX, τ 1 q is an analytic space and f P Σ m´1,n pZ, Y q.
Notice that Conjecture 6.1 makes sense only for finite level Borel classes: for every 1 ď n, k ă ω and every f P Σ ω,n pX, Y q there is no refinement τ 1 of the topology τ of X with the property that τ 1 Ď Σ 0 k pX, τ q, Z " pX, τ 1 q is analytic, and f P Σ ăω,n pZ, Y q.
Lemma 6.2 (Folklore). Let pX, τ q be a topological space, 1 ă m ă ω, and S P Σ 0 m pX, τ q. Then there is a countable family P " tP i | i P ωu Ď Π 0 1 pX, τ q such that S P Σ 0 m´1 pX, τ 1 q for every topology τ 1 on X such that P Ď τ 1 .
Proof. By induction on m ě 2.
Lemma 6.3. Let X, Y be separable metrizable spaces with X analytic. For every 1 ă n ă m ă ω and f P D m´n`1 m pX, Y q the topology τ of X can be refined by a topology τ 1 Ď Σ 0 2 pX, τ q such that Z " pX, τ 1 q is an analytic space and f P D m´n m´1 pZ, Y q. Proof. Let pX k q kPω witness f P D m´n`1 m pX, Y q. Let tB l | l P ωu be a countable basis for Y , and for k, l P ω let S k,l P Σ 0 m´n`1 pX, τ q be such that pf aeX k q´1pB l q " f´1pB l q X X k " S k,l X X k . Using Lemma 6.2, pick for every k, l P ω families P " tP k,l,i | i P ωu and r P " t r P k,i | i P ωu of (τ -)closed sets such that S k,l P Σ 0 m´n pX, τ 1 q and X k P Σ 0 m´1 pX, τ 1 q (hence X k P ∆ 0 m´1 pX, τ 1 q, since pX k q kPω is a countable partition of X) for every topology τ 1 Ě P Y r P. By Lemma 2.8, there is a refinement τ 1 of τ such that P Y r P Ď τ 1 Ď Σ 0 2 pX, τ q and Z " pX, τ 1 q is an analytic space: therefore S k,l P Σ analytic and every 1 ă n ď m´1 it holds that
Let us first assume that n ă m. Given f P Σ m,n pX, Y q, by Conjecture 6.1 and (2) we get f P D m´n m´1 pZ, Y q (where Z " pX, τ 1 q is as in the statement of Conjecture 6.1), i.e. that there is a countable partition pX k q kPω of X in ∆ 0 m´1 pX, τ 1 qpieces such that f aeX k P Σ m´n pZ k , Y q for every k P ω, where Z k denotes the space X k endowed with the relativization of τ It follows from the proof of Theorem 6.4 that every instantiation of Conjecture 1.6 for parameters 1 ă n ă m ă ω implies the corresponding instantiation of Conjecture 6.1 (for the same parameters). Using this fact, we get that Conjecture 6.1 is true for m ď 3 (i.e. for n " 2 and m " 3) when X is a Polish space of dimension ‰ 8 and Y is a zero-dimensional metrizable space by (the generalization of) Semmes' theorem 1.5(a).
Finally, as a corollary to the proof of Theorem 6.4, one can show that Conjecture 6.1 for the special case n " m´1 already suffices to prove the weak generalization of the Jayne-Rogers theorem (Conjecture 1.4).
Corollary 6.5. Suppose that for every analytic space X 1 , every separable metrizable space Y 1 , every 2 ă m ă ω, and every f P Σ m,m´1 pX 1 , Y 1 q, the topology τ of X Remark 6.6. If m " 2, the unrestricted version of dichotomy (˚) (i.e. when considering all functions in Σ 2 pX, Y q, without restricting to ω-decomposable functions) is true by the Jayne-Rogers theorem 1.3, and in fact it is easily seen to be equivalent to it. In contrast, notice that for m ě 3 the restriction to ω-decomposable functions when looking for (˚) cannot be relaxed: any function in p Σ m,m´1 pX, Y q (which is nonempty by Theorem 3.13(a)) is in Σ m pX, Y q, but it is neither in D Theorem 7.1. Let X, Y be separable metrizable spaces, and 1 ď n ď m ă ω. For every f : X Ñ Y the following are equivalent:
(a) f P D n m pX, Y q; (b) f " h˝g with g P Σ n pX, Zq and h P D 1 m´n`1 pZ, Y q for some separable metrizable space Z. Moreover, the space Z in (b) may be chosen to be zero-dimensional, and if X is analytic (respectively, Polish) then Z can be taken to be analytic (respectively, Polish) as well.
Proof. We first show (a)ñ(b) arguing as in the proof of Theorem 6.4. Let τ be the topology of X, and let pX k q kPω witness f P D n m pX, Y q. Let tB l | l P ωu be a countable basis for Y , and let S k,l P Σ 0 n pX, τ q be such that pf aeX k q´1pB l q " f´1pB l q X X k " S k,l X X k for every k, l P ω. By repeatedly applying n´1-times Lemma 6.2, we get that there are countable collections P " tP k,l,i | i P ωu and r P " t r P k,i | i P ωu of Π 0 n´1 pXq-sets such that X k P Σ 0 m´n`1 pX, τ 1 q and S k,l P Σ 0 1 pX, τ 1 q (for all k, l P ω) for every topology τ 1 on X with P Y r P Ď τ 1 . By Lemma 2.8, we can find such a τ 1 with the further properties that Z " pX, τ 1 q is (zero-dimensional) separable metrizable and τ Ď τ 1 Ď Σ 0 n pX, τ q. Moreover, if X is analytic (respectively, Polish), then τ 1 can be chosen so that Z " pX, τ 1 q is analytic (respectively, Polish) as well. It follows that f P D 1 m´n`1 pZ, Y q and that the identity function id on X belongs to Σ n pX, Zq. Therefore, setting g " id : X Ñ Z and h " f : Z Ñ Y we get (b).
Conversely, assume that (b) holds, and let pZ k q kPω witness h P D
Using (the generalization of) Semmes' theorem 1.5(a) on Σ 3,2 functions, setting m " 3 and n " 2 in Theorem 7.1 we get the following corollary.
Corollary 7.2. Let X be a Polish space of topological dimension ‰ 8, and let Y be a zero-dimensional separable metrizable space. For every f : X Ñ Y the following are equivalent:
(a) f P Σ 3,2 pX, Y q; (b) f " h˝g with g P Σ 2 pX, Zq and h P D 2 pZ, Y q for some zero-dimensional Polish space Z.
When X " Y " ω ω, Corollary 7.2 assumes the particularly elegant form
where for simplicity of notation we put Σ 3,2 " Σ 3,2 p ω ω,
ω ω, ω ωq, and D 2˝Σ2 " th˝g | h P D 2^g P Σ 2 u. This is because every zerodimensional Polish space Z is homeomorphic to a closed subset of ω ω by [Kec95, Theorem 7.8], and every ∆ 0 2 -function from a ∆ 0 2 p ω ωq (hence, in particular, a closed) subset of ω ω to ω ω can be trivially extended to a function in D 2 p ω ω, ω ωq. Theorem 7.1 actually shows that a further consequence of the strong generalization of the Jayne-Rogers theorem (Conjecture 1.6) would be the full characterization of all finite level Borel classes in terms of composition of functions belonging to Borel classes of a lower level, namely:
Let X be an analytic space and Y be separable metrizable. For every 1 ă n ă m ă ω and f : X Ñ Y the following are equivalent: (a) f P Σ m,n pX, Y q; (b) f " h˝g with g P Σ m´n`1 pX, Zq and h P D n pZ, Y q for some analytic space Z. In other words: all the "nonstandard" finite level Borel classes Σ m,n pX, Y q (1 ă n ă m ă ω) would be generated via composition by the more familiar Borel classes of the form Σ k pX, Y q or D k pX, Y q.
An application to Banach spaces
Let X be a Polish space and α ă ω 1 . Following [Jay74] , let B α pXq be the set of all Baire class α (equivalently, Σ 0 α`1 -measurable) real-valued functions (in particular, B 0 pXq " CpXq is the class of all real-valued continuous functions on X), and denote by BαpXq the collection of all bounded functions in B α pXq. When endowed in the obvious way with the pointwise operations, the spaces B α pXq and BαpXq can be viewed as lattice-ordered algebras, rings, or multiplicative semigroups. Moreover, each space BαpXq is a Banach space with respect to the supremum norm. These spaces are quite popular and well-studied in Banach space theory -see e.g. [Das74, Jay74, Das81, SZ05, GMA09]: for example, in [Das74] it is shown that BαpIq is not complemented in Bβ pIq for 0 ă α ă β (whence BαpIq is not linearly isometric to Bβ pIq), while in [Jay74] it is further shown that if X and Y are compact Polish spaces and at least one of them is uncountable, then BαpXq is not linearly isometric to Bβ pY q whenever α ‰ β. Consider now the following problem. Assume first that X and Y are countable Polish spaces. If they have different cardinalities, then there is no bijection between them, whence BαpXq fl li BαpY q for every α ă ω 1 . If X, Y are finite and of the same cardinality, then they must be discrete and hence homeomorphic (whence BαpXq -li BαpY q for every α ă ω 1 ). Finally, if both X, Y are infinite, then any bijection between X and Y witnesses X » 2 Y , so that in this case BαpXq -li BαpY q for every α ě 1. This bound cannot be further lowered in general because taking e.g. X " ω with the discrete topology and Y " ω`1 with the order topology we get X fi 1 Y , and hence B0 pXq fl li B0 pY q.
Let us now consider the uncountable case. Since between any two uncountable Polish spaces X, Y there is a Borel isomorphism such that f P Σ 2 pX, Y q and f´1 P 6 Actually [Jay74, Theorem 2] holds in the broader context of realcompact spaces. Recall that every Polish space, being second-countable, is Lindelöf, and hence also realcompact. A further extension of this result to perfectly normal spaces can be found in [SZ05, Theorem 2.1].
Σ 2 pY, Xq (see [Kur34, p. 212] ), by Σ 2 pX, Y q Ď D ω pX, Y q and Σ 2 pY, Xq Ď D ω pY, Xq we get X » ω Y , and hence also X » ω`1 Y . This implies BαpXq -li BαpY q for every α ě ω, and therefore ω provides a rough upper bound for the minimal α ă ω 1 such that BαpXq -li BαpY q. In [JR79b, Theorem 8.1] (see also [MRSS13, Theorem 4 .21]), Jayne and Rogers essentially showed that if X, Y are further assumed to be both of topological dimension ‰ 8, then this bound can be considerably lowered: in fact, in this case we get X » 3 Y , whence BαpXq -li BαpY q for every α ě 2. This bound cannot be further decreased: for example R fi 2 ω ω (since any f P D 2 pR, ω ωq " D 1 2 pR, ω ωq maps K σ sets to K σ sets, and hence cannot be surjective), thus BαpRq -li Bαp ω ωq if and only if α ě 2. Similarly, it is not hard to check that R » 2 I but R fi 1 I, whence BαpRq -li BαpIq for α ě 1 but B0 pRq fl li B0 pIq.
Thus [JR79a, JR79b] completely answer Question 8.1 for the case of uncountable Polish spaces of topological dimension ‰ 8, but the problem of determining whether BαpXq -li BαpY q (for α ă ω) when one of X, Y has topological dimension 8 has remained open (at least to the author's best knowledge) until now. One may be tempted to conjecture that also in this case BαpXq -li BαpY q for α " 3, or at least for some finite α (possibly depending on X and Y ). The next result, which is an immediate and easy consequence of Lemma 5.8, refutes this conjecture and shows that the upper bound of ω obtained at the beginning of the previous paragraph cannot be lowered for arbitrary Polish spaces (even when restricting to compact spaces).
Theorem 8.4. Let X, Y be uncountable Polish spaces such that X has topological dimension 8 and Y has topological dimension ‰ 8 (e.g. we can take X " r0, 1s ω and Y " I). Then BnpXq fl li BnpY q for every n ă ω.
Proof. By Theorem 8.3, it is enough to prove that X fi n Y for every 1 ď n ă ω. Since Y -3 ω ω by our assumption on Y and the mentioned [JR79b, Theorem 8.1], we can assume without loss of generality that Y " ω ω. By (the argument contained in) Example 1.1, there is no Borel isomorphism f between X and ω ω such that both f and f´1 are ω-decomposable. Since all functions in D n pX, ω ωq and D n p ω ω, Xq are ω-decomposable by Lemma 5.8, this implies X fi n ω ω for every 1 ď n ă ω, as required.
It would be interesting to understand what happens if X and Y have both topological dimension 8. As observed in [MRSS13, Proposition 4.27], if both X and Y are universal for Polish spaces, e.g. if X is the Hilbert cube r0, 1s ω and Y " R ω , then X » 3 Y , whence BαpXq -li BαpY q for every α ě 2 (but notice that r0, 1s ω fi 2 R ω , hence B1 pXq fl li B1 pY q). In some cases, e.g. when X, Y are both compact universal Polish spaces, then one can also get X » 2 Y (together with X fi 1 Y ): an example is obtained by letting X be r0, 1s ω and Y be the disjoint union of two copies of r0, 1s ω . However, the general case remains open:
Question 8.5. Are there Polish spaces X, Y , both of topological dimension 8, such that X fi 3 Y ? Are there X, Y as before such that X fi n Y for every 1 ď n ă ω?
